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Motivation
Practical and Theoretical

DeFinetti’s theorem
A sequence is infinitely exchangeable (distribution invariant to
sequence) if and only if for all N and some distribution P:

p(X1, . . . ,XN) =

∫

θ

N∏

n=1

p(Xn|θ)P(dθ)



Generative model

• Don’t know µ1, µ2

• Don’t know ⇢1, ⇢2

zn
iid⇠ Categorical(⇢1, ⇢2)

µk
iid⇠ N (µ0,⌃0)

⇢1 ⇠ Beta(a1, a2)
⇢2 = 1 � ⇢1

• Inference goal: assignments 
of data points to clusters, 
cluster parameters
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Beta distribution review
Beta(⇢1|a1, a2) =

�(a1 + a2)

�(a1)�(a2)
⇢a1�1
1 (1 � ⇢1)

a2�1 a1, a2 > 0

• Gamma function  
• integer m:  
• for x > 0:  

• What happens? 
•   
•   
•  [R demo] 

• Beta is conjugate to Cat

a = a1 = a2 ! 0
a = a1 = a2 ! 1

�

�(m) = (m � 1)!
�(x) = x�(x � 1)

⇢1 2 (0, 1)
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How to extend to nonparametric?

I Beta is a prior on cluster probabilities for K=2

I Generalizes to Dirichlet for K=3

I Both are conjugate to Categorical



What if K ≫ N ?
• e.g. species sampling, topic modeling, groups on a 

social network, etc.

⇢1 ⇢2 ⇢3

…

⇢1000

• Components: number of latent groups 

• Clusters: number of components represented in the data 

• Number of clusters for N data points is < K and random 

• Number of clusters grows with N

7



What if K ≫ N ?

⇢1 ⇢2 ⇢3

…

⇢1000

• Components: number of latent groups 

• Clusters: number of components represented in the data 

• Number of clusters for N data points is < K and random 

• Number of clusters grows with N

7



What if K ≫ N ?
• e.g. species sampling, topic modeling, groups on a 

social network, etc.

⇢1 ⇢2 ⇢3

…

⇢1000

• Components: number of latent groups 

• Clusters: number of components represented in the data 

• Number of clusters for N data points is < K and random 

• Number of clusters grows with N

7



What if K ≫ N ?
• e.g. species sampling, topic modeling, groups on a 

social network, etc.

⇢1 ⇢2 ⇢3

…

⇢1000

• Components: number of latent groups 

• Clusters: number of components represented in the data 

• Number of clusters for N data points is < K and random 

• Number of clusters grows with N

7



What if K ≫ N ?
• e.g. species sampling, topic modeling, groups on a 

social network, etc.

⇢1 ⇢2 ⇢3

…

⇢1000

• Components: number of latent groups 

• Clusters: number of components represented in the data 

• Number of clusters for N data points is < K and random 

• Number of clusters grows with N

7



What if K ≫ N ?
• e.g. species sampling, topic modeling, groups on a 

social network, etc.

⇢1 ⇢2 ⇢3

…

⇢1000

• Components: number of latent groups 

• Clusters: number of components represented in the data 

• [demo 1, demo 2] 

• Number of clusters for N data points is < K and random 

• Number of clusters grows with N
7



What if K ≫ N ?
• e.g. species sampling, topic modeling, groups on a 

social network, etc.

⇢1 ⇢2 ⇢3

…

⇢1000

• Components: number of latent groups 

• Clusters: number of components represented in the data 

• [demo 1, demo 2] 

• Number of clusters for N data points is < K and random 

• Number of clusters grows with N
7



What if K ≫ N ?
• e.g. species sampling, topic modeling, groups on a 

social network, etc.

⇢1 ⇢2 ⇢3

…

⇢1000

• Components: number of latent groups 

• Clusters: number of components represented in the data 

• [demo 1, demo 2] 

• Number of clusters for N data points is < K and random 

• Number of clusters grows with N
7



• Here, difficult to choose finite K in advance (contrast with 
small K): don’t know K, difficult to infer, streaming data 

• How to generate K = ∞ strictly positive frequencies that 
sum to one? 
• Observation: ⇢1:K ⇠ Dirichlet(a1:K)
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ak = 1, bk = ↵ > 0

⇢ = (⇢1, ⇢2, . . .) ⇠ GEM(↵)

[McCloskey 1965; Engen 1975; Patil and Taillie 1977; Ewens 1987; Sethuraman 1994; Ishwaran, James 2001]9
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How can we use this?

I Generative model, infinite cluster prior

I Inference goal: cluster assignments, cluster parameters

I Even generating data: we can’t sample infinity ρ’s

I Marginals: p(zn|z1, . . . , zn−1)

Again: consider 2 cluster, multi-cluster, then infinite clusters
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• Integrate out the frequencies 
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• Pólya urn
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Chinese restaurant process

• Same thing we just did 
• Each customer walks into the restaurant 

• Sits at existing table with prob proportional to # people 
there 

• Forms new table with prob proportional to α 
• Marginal for the Categorical likelihood with GEM prior 
!

• Partition of [8]: set of mutually exclusive & exhaustive sets 
of 

z1 = z2 = z7 = z8 = 1, z3 = z5 = z6 = 2, z4 = 3
) ⇧8 = {{1, 2, 7, 8}, {3, 5, 6}, {4}}

[8] = {1, . . . , 8}
11
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8C 2 ⇧N , µC
iid⇠ N (µ0,⌃0)

8C 2 ⇧N , 8n 2 C, xn
indep⇠ N (µC ,⌃)

p(⇧N |x1:N )

p(⇧N |⇧N,-n, x) =

⇢ #C
↵+N�1p(xC[{n}|xC)

↵
↵+N�1p(x{n})

• For completeness: p(xC[{n}|xC) = N (m̃, ⌃̃ + ⌃)

⌃̃�1 := ⌃�1
0 + (#C)⌃�1

m̃ := ⌃̃
⇣
⌃�1

X
m2C

xm + ⌃�1
0 µ0

⌘

[MacEachern 1994; Neal 1992; Neal 2000]
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Conclusions

I Reviewed Gaussian Mixture Modeling

I GEM distribution is an infinite extension of the Dirichlet

I DPMM is a generative process using the GEM on cluster priors

I Stick-Breaking is a representation of the GEM or Dirichlet
prior

I Poyla Urn is a representation of categorical marginals with
Beta or Dirichlet prior

I Hoppe-Urn is a finite representation of the marginal with
GEM prior

I CRP is a finite representation of the marginal with GEM prior

Thanks to borrowed slides from Tamara Broderick



Summary

I Reviewed Gaussian Mixture Modeling

I GEM distribution is an infinite extension of the Dirichlet

I DPMM is a generative process using the GEM on cluster priors

I Stick-Breaking is a representation of the GEM or Dirichlet
prior

I (mulitvariate) Poyla Urn is a representation of categorical
marginals with Beta (or Dirichlet) prior

I Hoppe-Urn is a finite representation of the marginal with
GEM prior

I CRP is a finite representation of the marginal with GEM prior



Motivating Example

Many images each with some subset of 4 objects
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From Clustering to Latent Feature Allocation

I Write cluster assignments
as a binary matrix:
Zi ,k = 1 if sample i
belongs to cluster k

I what if samples could
belong to multiple latent
groups?
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Finite Latent Feature Allocation

πk |α ∼
α

K
, 1 (1)

zi ,k |πk ∼ πk (2)

πkα

zi ,k

N

K

K = 10,N = 20, α = 8
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Marginal on Z
for finite K

Model:

πk |α ∼
α

K
, 1

zi ,k |πk ∼ πk

Recall:

B(a, b) =
Γ(a)Γ(b)

Γ(a + b)

Γ(m) = (m − 1)!m ∈ Z
Γ(x) = xΓ(x − 1)x > 0

So:

P(Z ) =
K∏

k=1

∫ ( N∏

i=1

p(zi ,k |πk)

)
p(πk)dπk

=
K∏

k=1

B(nk + α
K ,N − nk + 1)

B( αK , 1)

=
K∏

k=1

α
K Γ(nk + α

K )Γ(N − nk + 1)

Γ(N + 1 + α
K )

I Follows from
Beta-Binomial
Conjugacy

I Exchangeable,
depends only
on
nk =

∑N
i=1 zi ,k
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Left Ordered Form

Properties:

I many to one mapping

I every Z has a unique lof

I Can define an equivalence X and Y are lof equivalent if
lof (X ) = lof (Y )

I Uses history: feature k at sample i is (z1,k , . . . , z(i−1),k
I Kh is the number of features with history h

New marginal:

P([Z ]) =
∑

Z∈[Z ]

P(Z )

=
K !

∏2N−1
h=0 Kh!

K∏

k=1

α
K Γ(nk + α

K )Γ(N − nk + 1)

Γ(N + 1 + α
K )
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Marginal on Z
K → ∞

πk |α ∼
α

K
, 1 zi ,k |πk ∼ πk

P([Z ]) =
K !

∏2N−1
h=0 Kh!

K∏

k=1

α
K Γ(nk + α

K )Γ(N − nk + 1)

Γ(N + 1 + α
K )

I For i = 1, the chance of each feature k is independent
p(z1,k = 1|α) =

∫
πk

α
K , 1 = α

K

I Let K1 =
∑K

k=1 z1,k then p(K1|α) = Binomial
(
α
K ,K

)

I limK→∞ p(K1|α) = α

Subsequent, i

I Let n<i ,k =
∑i−1

j=1 zj ,k

I for a previously used k , p(zi ,k = 1) =
α
K
+n<i,k

α
K
+1−i−1 →

n<i,k

i

I Also, α
i new features
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Indian Buffet Process
sampling scheme for marginal of zi,k |α

First Customer: Sample α
i dishes

Each subsequent customer, i :

I Sample previously samples dishes by popularity p(zi ,k =
n<i,k

i

I Sample α
i new dishes poisson distribution

Properties:

I Effective dimension, K+ ∼ α
∑N

i=1
1
i

I Number of dishes sampled by each customer is α by
exchangeability
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Gibbs Sampler

To sample, we need: P(zi ,k = 1|Z−i ,k)

Finite: P(zi ,k = 1|Z−i ,k) =
n−i,k+

α
K

N+α
K

Infinite: (by limit or IBP) P(zi ,k = 1|Z−i ,k) =
n−i,k

N new features:
α
N
Algorithm for Z ∼ P(Z ):

I start with arbitrary binary matrix
I iterate through rows:

I if m−i,k > 0 set zi,k = 1 by above
I else, delete column k
I add α

N new features

This converges to a matrix drawn from P(Z )



Sampling the Posterior

The real target is P(Z |X )
Full conditional: P(zi ,k = 1|Z−i ,k ,X ) ∝ P(X |Z )P(zi ,k = 1|Z−i ,k)
Algorithm:

I start with arbitrary binary matrix
I iterate through rows:

I if m−i,k > 0 set zi,k = 1 incorporating the likelihood
I else, delete column k
I add new columns with prior α

N and P(X |Z ) likeilihood



Example Application

(a)
4 sample images from 100 (b) posterior mean of the weights of the
four most frequent features, with signs (c) reconstructions of
images in (a) from model with codes



Summary

I Latent feature allocation allows each sample to belong to
multiple groups

I Beta prior on bernouli draws, to construct a binary matrix

I Indian Buffet Process is a generative process for the matrix
marginal

I IBP yields a Gibbs Sampler

I (note) There is a stick breaking scheme... it yields variational
inference



Conclusion

Bayesian nonparametrics allow distributions without fixed
parameters

Food Metaphors explain the marginals of the categorical (CRP) or
Bernouli (IBP) distributions

Food Metaphors yield Gibbs Samplers

Stick breaking metaphors yield variational inference



Beta Distribution

ρ|α =
Γ(α1 + α2)

Γ(α1)Γ(α2)
ρα1−1(1− ρ)α2−1



Poisson Distribution

k |λ =
λk

k!
exp−λ

IBP



Binomial

p(
K∑

k=1

z1,k = k) =

(
K

k

)
α

K

k
(1− α

K
)K−k

marginal
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